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1. INTRODUCTION
For a finite group G and a prime divisor p of its order, a nontrivial
Ž Ž ..p-subgroup R of G is called radical, if O N R  R. With the posetp G
Ž .B G of radical p-subgroups of G with respect to inclusion we naturallyp
Ž Ž ..associate the simplicial complex of its chains, denoted  B G , which isp
known to be G-homotopy equivalent to the complex associated with the
poset of nontrivial p-subgroups as well as that of nontrivial elementary
Ž  .abelian p-subgroups of G see, e.g., 5, 6.6 . The latter are important tools
Ž to investigate the structure of G concerning the prime p see, e.g., 5,
. Ž Ž ..Chap. 6 . Thus the smaller complex  B G has enough information top
understand behaviors of G on p.
 The following fact, a corollary of the BorelTits theorem 5, 6.8.4 ,
Ž Ž ..shows the further importance of  B G : for a finite group of Lie typep
Ž Ž ..defined over a field in characteristic p, the complex  B G is thep
barycentric subdivision of the building for G. Thus for an arbitrary finite
Ž Ž ..group G we may think of the complex  B G as a generalization of thep
 concept of buildings: in fact, as is observed in 14 , for each sporadic simple
Ž Ž ..group G of characteristic-p type,  B G is homotopy equivalent top
some smaller simplicial complex, previously constructed by an ad hoc
method and referred to as a ‘‘p-local geometry’’ of G. This suggests the
importance of examining minimal complexes which are homotopy equiva-
Ž Ž .. Ž . Žlent to  B G for every specifically sporadic simple group G see alsop
 .the introduction of 17 .
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Ž .To investigate such complexes, we first need to determine B G forp
 every sporadic simple group G and a prime divisor p of G . For small
  Ž .   Žsporadics, such works appeared in 1 for the five Mathieu groups , 8 for
.   Ž .   Ž .J , 2 for He , and 3 for Co2 during the verification of the Dade3
Ž . Ž .conjecture. The posets B Rud and B Suz for p 2 and 3 are deter-2 p
 mined in 13, 17 , respectively. For a fairly large sporadic group Co1 and
Ž .  p 2 and 3, Sawabe classified B Co1 12, 13 . The author was alsop
recently informed from K. Uno that the Dade conjecture is verified for J ,2
McL, and HS.
Ž .This paper is the first one in a series of papers determining B G forp
 every sporadic simple group G and a prime divisor p of G , which are not
Ž .mentioned above. Here the classification of B G up to conjugacy is2
given for every sporadic simple group of characteristic-2 type, except those
already treated by the other authors. Among 10 sporadics of characteristic-2
Ž . Žtype, B J is easy to determine it has two classes with representatives a2 1
.subgroup of order 2 and 8 , because a Sylow 2-subgroup of J is elemen-1
tary abelian of order 8 with normalizer E : F 3, which is maximal in J : the8 7 1
  Žfive Mathieu groups and J are treated in 1, 8 , respectively for odd3
. Ž .primes p as well . Thus in this paper, we classify B G for G J , Co2,2 4
Ž .and Th. The author includes B Co2 , though it has already been deter-2
 mined in 3 , because the methods in the present paper give more geomet-
ric and explicit descriptions.
Sawabe and S. D. Smith also obtained the same results as well as the
classification of radical 2-chains for J and Co2. The information in the4
 present paper and in 10, 18, 19 on radical subgroups for sporadic simple
groups is used by Sawabe for determining smaller subclasses of radical
chains to which the verification of the Dade conjecture can be reduced.
His results are based on interesting general observations, which can be
regarded as a generalization of some fundamental lemmas in Section 2 to
radical chains.
  Ž .In the subsequent papers 10, 18, 19 , we classify B G for the Fischerp
groups Fi , Fi , Fi and p 2, 3; for G Ly, ON, HS, and HN and22 23 24
Žp 2 here the author includes HS, as the result is required for classifying
Ž ..B HN ; and for all sporadic simple groups G and odd primes p,2
respectively. Thus at the time of writing, the only remaining cases are the
Monster M and the Baby Monster BM for p 2.
The principle of the classification is the inductive method proposed in
    Ž  .14 and discussed in 16 see also 12 , which is efficient if we know the
list of maximal p-local subgroups of G as well as inclusions of some
p-local subgroups up to conjugacy. Our method is purely group theoretic
 and computer-free, while the method presented in 3 requires a permuta-
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tion representation of the quotient group of each maximal p-local sub-
group by its O -part to examine all p-subgroups of that quotient group.p
In Section 2, we prepare some basic technical tools which are frequently
   used in 10, 18, 19 as well. Some of them already appeared in 12 in a
Ž .slightly different form. The most convenient one is Lemma 1 4 saying that
Ž .the inverse images of radical subgroups of MO M are radical if ap
Ž .maximal p-local subgroup M has extraspecial O M . The geometricp
descriptions of the radical 2-subgroups of the Mathieu groups M and24
Ž  .M with the correction of the results in 16 are included in this section22
as well as that of their actions on the Golay code and cocode. They are of
 fundamental importance in Sections 3, 4 and the paper 10 . In Sections
35, the groups J , Co2, and Th are treated independently. Each of these4




In this subsection, the author collects some lemmas which will be
frequently used later.
 LEMMA 1. Let G be a finite group and p a prime diisor of G .
Ž .  1 14, Lemma 1.9 If a radical p-group R of G is contained in a
Ž . Ž .subgroup M of G, then O M  R and RO M is a radical p-subgroup ofp p
Ž .MO M or the triial group.p
Ž . Ž  .2 A ariant of 12, Lemma 2.1 Assume that a p-subgroup R
Ž .contains O M as a normal subgroup for some subgroup M of G and thatp
Ž . Ž . Ž .RO M is a radical p-subgroup of MO M . If N R M, then R is ap p G
radical p-subgroup of G.
Ž .3 Let Z be a nontriial p-subgroup of G and M be a maximal p-local
Ž . Ž . Ž .subgroup of G containing N Z . Set R O M and let R O MG 0 p i p
Ž . Ž .i 1, . . . , m be the complete representaties of MO M -classes of radicalp
Ž .  Ž . 4p-subgroups of MO M . Then the set S R  j 0, . . . , m, Z R  Zp j j
is a system of complete representaties of radical p-subgroups R whose centers
Ž .Z R are conjugate to Z.
Ž . Ž Ž .. ² : Ž Ž Ž ...4 Assume that O C z is non-abelian and z  Z O C zp G p G
Ž .for a p-element z. Then the inerse images in C z of the representaties ofG
Ž . Ž Ž .. Ž Ž ..classes of radical p-subgroups of C z O C z together with O C zG p G p G
Ž .form a set of complete representaties of radical p-subgroups R with Z R
generated by a conjugate of z.
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Ž . Ž .Proof. 2 The group RO M is trivial or a radical p-subgroup ofp
Ž . Ž Ž .. Ž .MO M exactly when O N R  R. As N R M, we havep p M G
Ž Ž .. Ž Ž .. Ž .O N R O N R  R, which implies that RB G .p G p M p
Ž . Ž .3 Each member R of S has the center Z, so that N R G
Ž Ž .. Ž . Ž .N Z R N Z M. Then it follows from the claim 2 that R is aG G
radical p-subgroup of G with center Z. Conversely, let R be a radical
Ž . g Ž g .p-subgroup of G with Z R  Z for some gG. Then N R G
Ž Ž g .. Ž . Ž . Ž . gN Z R N Z M. It follows from 1 that O M  R and eitherG G p 	
g Ž . g Ž . Ž .R O M or R O M is a radical p-subgroup of MO M . Thenp p p
R g is conjugate to exactly one member of S under M.
Distinct members R and R of S are not conjugate under G, becausei j
h Ž . Ž .if R  R for some hG then h normalizes Z R  Z R  Z, andi j i j
Ž .so hN Z M and i j. Hence the claim is verified.G
Ž . Ž . Ž . ² :4 This is just a corollary of the claim 3 , because Z R  z for
Ž . Ž Ž ..every subgroup R of C z containing O C z .G p G
 LEMMA 2 12, Lemma 3.2 . Eery radical p-subgroup of the direct product
A B of two finite groups A and B is of the form R  R , where R andA B A
R are radical p-subgroups of A and B, respectiely, allowing at most one ofB
them triial. Conersely, eery subgroup of this form is a radical p-subgroup
of A B.
LEMMA 3. Let A be a finite group haing a normal subgroup G of index p.
Assume that U , . . . , U are the representaties of G-conjugacy classes of1 s
Ž .radical p-subgroups U of G with N U G, and that U , . . . , U are theA s
1 t
representaties of A-conjugacy classes of radical p-subgroups of G with
Ž .N U G. We also set U  1.A 0
Ž .For each i 0, . . . , s, consider subgroups PU of order p of N U Ui A i i
Ž . Ž .outside N U U such that the centralizer of PU in N U U has theG i i i G i i
Ž j. Ž .triial O -part, and let P U be the representaties of N U U-classes ofp i i G i i
Ž Ž ..those subgroups j 1, . . . ,  i . If such a subgroup P does not exist, set
Ž . i  0.
Then
Ž . ² Ž j.: Ž .1 The set of p-subgroups U , P for i 0, . . . , s with  i  0 andi i
Ž .j 1, . . . ,  i gies a set of complete representaties of A-conjugacy classes
of radical p-subgroups of A not contained in G.
Ž . Ž . Ž .2 The set of U j s
 1, . . . , t and U i 0, . . . , s withj i
Ž Ž . .O N U U  1 gies a set of complete representaties of A-conjugacyp A i i
classes of radical p-subgroups of A contained in G.
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Ž .Proof. 2 Let R be a radical p-subgroup of A which is contained in G.
Ž . Ž . ŽIf N R N R , then R is conjugate to exactly one of U j s
A G j
. Ž1, . . . , t under A the A-conjugacy class of R splits into p classes under
. Ž . Ž . Ž .G . If N R is not contained in N R , then R  1 is conjugate toA G
Ž .exactly one of U i 1, . . . , s . As R is a radical p-subgroup of A, wei
Ž Ž .. Ž . Ž Ž . .have O N U U . Conversely, U i 1, . . . , s with O N U U  1p A i i i p A i i
Ž .and U j s
 1, . . . , t are radical p-subgroups of A contained in G.j
Ž . Ž j. ² Ž j.:  Ž j.1 We set R  U , P and R R  i 0, . . . , s, ji i i i
Ž .41, . . . ,  i .
Let R be a radical p-subgroup of A not contained in G. Then it follows
 from 12, Lemma 3.1 that RG is either trivial or a radical subgroup of
G. As R normalizes RG but is not contained in G, RG is conjugate
Ž .under G to exactly one of U i 0, . . . , s . Thus we may assume RGi
U and RU P for some subgroup P of AG. Then the factor groupi i
Ž . Ž .RU  PUU is a subgroup of order p of N U U outside N U U .i i i A i i G i i
Ž . Ž . Ž .We have N R N RG N U and AGP with P RA A A i
Ž . Ž . Ž . Ž .  Ž .N R . Thus N R  N R P. Observe that N R  g N R A A G G A
  4    P, g U , because for gG we have R, g  R iff R, g G Ri
Ž . Ž .U . Thus N R U coincides with the centralizer of RU in N U U ,i G i i G i i
Ž . Ž .and N R U is the direct product of N R U with RU . Since R is aA i G i i
Ž Ž .. Ž Ž . .radical p-subgroup of A, we have O N R  R and thus O N R Up A p A i
Ž Ž . . RU . The last condition is equivalent to O N R U  1. Hencei p G i
Ž .taking conjugation under N U , RU is conjugate to exactly one ofA i i
Ž j. Ž Ž .. Ž j.P P j 1, . . . ,  i . Thus R is conjugate to a member R of Ri i i
under A.
Conversely, any RŽ j.R is a radical p-subgroup of A not contained ini
Ž Ž j. . Ž .G, because its normalizer is contained in N R G N U andA i A i
Ž Ž j.. Ž . Ž j. Ž j.N R U N R U  R U has the O -part R U by the definingA i i G i i i p i i
Ž j. Ž Ž j..a Ž l .property of P . Furthermore, if R  R for some a A, then wei i k
may take aG, as P Ž j. is a subgroup of A outside G normalizing RŽ j..i i
Furthermore, a sends U  RŽ j.G to U  RŽ l .G. Then we havei i k k
Ž . Ž j.i k and aN U , and hence k l by the definition of P . Thus RG i i
forms a complete set of representatives of A-conjugacy classes of radical
p-subgroups of A not contained in G.
LEMMA 4. Let p be a prime, and let G be a finite group with nontriial
center of order prime to p. Assume that A is a group containing G as a normal
Ž .subgroup of index p but Z A  1. Then
Ž .1 The set of complete representaties of conjugacy classes of radical
Ž .p-subgroups of G corresponds bijectiely to that of GZ G .
Ž .2 Eery radical p-subgroup of G is a radical p-subgroup of A.
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Ž .Proof. It is immediate to see the claim 1 . For a radical p-subgroup R
Ž . Ž . Ž Ž ..of G, the normalizer N R always contains Z G . Suppose O N RG p A
 Ž . Ž Ž .. Ž .contains an element x outside G. Then x, Z G O N R  Z G p A
Ž .  Ž . Ž .1, as Z G is a p -group. But this implies that 1 Z G lies in Z A ,
² : Ž .as AG x , which contradicts the assumption Z A  1. Hence
Ž Ž .. Ž Ž .. Ž Ž ..O N R G and O N R O N R  R is also a radical p-sub-p A p A p G
group of A.
To determine the radical 2-subgroups of the alternating groups, the
following observation is useful. We first prepare some notation.
Ž . Ž .We denote by A resp. S the alternating resp. symmetric group 
naturally acting on a set  of letters. For a subset  of , we identify A
Ž . Ž .resp. S with the subgroup of A resp. S fixing all letters of .  
Ž .For a subgroup U of A , let  U be the set of elements of  fixed by 
Ž . Ž .every element of U, and set  U  U . For a nonnegative 
Ž . integer i, we denote by B A i the set of radical 2-subgroups U of A2  
 Ž .  Ž .  Ž .with  U  i. The subset B A i of B A is a union of conju- 2  2 
gacy classes under S for each i.
LEMMA 5. With the aboe notation, the following hold.
Ž . Ž .    Ž . 1 If UB A i for some 0 i  , then UB A 0 .2  2  ŽU .
Ž . Ž . 2 B A 4 .2 
Ž .  3 Let i be an integer with 0 i  distinct from 2 and 4, and let
    be a subset of  with    
 i. Then the identification of A with a
subgroup of A induces a bijectie correspondence of the conjugacy classes of
Ž .  ŽB A 0 under the stabilizer of  in A which induces S on  if i 22   
. Ž . but A if i 0 or 1 with the conjugacy classes of B A i under A . 2  
Proof. Let U be a nontrivial 2-subgroup of A . For brevity we write
Ž . Ž . Ž . U  and  U  . As N U preserves both  and , we have  A
² :N U  S N U  A  A N U g ,Ž . Ž . Ž .Ž . Ž .A  S   A  
where either g is trivial of g induces odd permutations both on  and .
Ž . Ž . Ž Ž ..In particular, A and N U are normal in N U . Thus O N U  A A 2 A  
Ž Ž .. Ž . Ž .O N U , from which Claim 1 follows. Claim 2 also immediately2 A
Ž . Ž .follows, as O A U is a normal subgroup of N U properly contain-2  A
 ing U, if   4.
  Ž . Ž .Now assume   2, 4. From the above equation, N U N U isA A 
Ž Ž ..isomorphic to either A or S . Thus in this case, O N U lies in a  2 A
Ž . Ž . Ž Ž .. Ž Ž ..normal subgroup N U of N U , and hence O N U O N U .A A 2 A 2 A   
Ž .Thus U is a radical 2-subgroup of A which does not fix any letter of  if
and only if U is a radical 2-subgroup of A fixing . This establishes
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Ž .Claim 3 except the statement on conjugacy. That part follows from the
Ž .observation that two radical 2-subgroups U and V of A with  U  
Ž . V are conjugate under A if and only if they are conjugate under the 
Ž . Ž .stabilizer of  U   V in A .  
LEMMA 6. There are just 10 classes of radical 2-subgroups of the alternat-
 4ing group A of degree 9, naturally acting on the set  0, . . . , 8 : with the9
Ž .  ²Ž .Ž .notation aboe, B A 5 forms a single class represented by 01 23 ,2 
Ž .Ž .: Ž .  ²Ž .Ž . Ž .Ž .:02 13 ; B A 3 has two classes represented by 01 23 , 01 45 and2 
²Ž .Ž . Ž .Ž . Ž .Ž .: Ž . 01 23 , 02 13 , 01 45 D ; and B A 1 has 7 representaties8 2 
Ž .corresponding to the classes of unipotent radicals of A  SL 2 .8 4
Ž  Ž .  Ž Ž . .Proof. For a radical 2-subgroup U of A , we have  U ,  U  
Ž . Ž . Ž . Ž . 1, 8 , 3, 6 , or 5, 4 . From Lemma 5 3 , the conjugacy classes of
Ž .  Ž . B A 5 under A bijectively correspond to those of B A 0 under2   2 
 4 Ž . Ž . S , where  0, 1, 2, 3 . It is easy to see that B A B A 0 forms 2  2 
²Ž .Ž . Ž .Ž .:a single class represented by 01 23 , 02 13 .
Ž . The conjugacy classes of B A 3 under A bijectively correspond to2  
Ž .   4those of B A 0 under S , where  0, 1, 2, 3, 4, 5 . Observing a Sylow2  
²Ž .Ž . Ž .Ž . Ž .Ž .:2-subgroup D 01 23 , 02 13 , 01 45 D of A  A , a 2-sub-8  6
²Ž .Ž .group U of A without fixing any letter of  is conjugate to 01 23 ,
Ž .Ž .:01 45 , the cyclic subgroup of order 4 of D or D itself. It is easy to see
that the first and the last are radical 2-subgroups, but the second is not.
Ž .  Ž .  ²Ž .Ž .Thus B A 0 and hence B A 3 are represented by 01 23 ,2  2 
Ž .Ž .:01 45 and D.
 4 Ž . Let  0, . . . , 7 . The classes of B A 1 under A bijectively2  
Ž . correspond to those of B A 0 under A . In the following, we will2  
Ž .  Ž .verify that B A 0 B A . This establishes the claim, because A 2  2  8
Ž .L 2 is a group of Lie type of rank 3 in characteristic 2, and hence it has4
23	 1 7 classes of radical 2-subgroups.
Suppose V is a radical 2-subgroup of A  A fixing a letter. Then 8
 Ž .  V  2 or 4. In the latter case, V is not a radical 2-subgroup of
Ž .  Ž . A  A by Lemma 5 2 . In the former case, we have  V  3. As we 8 
saw in the above paragraph, we may then assume that V is conjugate to
²Ž .Ž . Ž .Ž .:01 23 , 01 45 , the cyclic subgroup of D of order 4 or DD . As we8
Ž .have N V V S  2, 2 2 or 2, respectively for those candidates,A 3
none of them is a radical 2-subgroup of A .
2.2. The Radical 2-Subgroups of M24
 The radical 2-subgroups of M and M are classified in 1 , but more22 24
geometric description is required to examine radical 2-subgroups of simple
groups which contain 2-local subgroups with quotients containing M or22
M . In the rest of this section, we give a description of radical 2-subgroups24
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of M , M and related groups in terms of the Golay code or cocode,24 22
which will be frequently used in the later sections.
 Following the standard convention 6, Chaps. 11, 10 , we arrange the
 424-set  0, 1, . . . , 9, A, B, . . . , N in the 4 by 6 rectangular form shown
Žin Table I, called the MOG arrangement. Note that we adopt the newer
version by Conway and Sloane, but not the original version of MOG
.invented by R. T. Curtis.
A subset of  will sometimes be specified by putting asterisks at the
corresponding entries, and a permutation on  is presented pictorially,
 4 Ž .Ž .Ž .Ž .Ž .Ž .e.g., 0, 1, 8, 9, G, I, K , N and a permutation 45 67 CD EF GI HJ
Ž .Ž .KN LM are described in Table II.
Ž .The count of a subset X of  is a sequence c , . . . , c , r of integers,1 6 1
Ž . Žwhere c resp. r is the number of asterisks in the ith column resp. thei 1
.first row when we represent X as in Table II. The score of X is a vector
Ž . 6 2 Ž .s , . . . , s of F determined by s  x 
  x 
  x i 1, . . . , 6 ,1 6 4 i 2 i 3 i 4 i
 Ž .where  is a generator of F and x  0 resp. 1 iff the asterisk for X4 i j
Ž . Ž .appears resp. does not appear at the i, j -entry of the MOG arrange-
ment. A subset of  is called a Golay code word, whenever the integers of
its count have the same parity and its score lies in the hexacode H, that is,
6 Ž .the subspace of F of vectors x , . . . , x with the condition x 
 x  x4 1 6 1 2 3
Ž .
 x  x 
 x and x 
 x 
 x   x 
 x . The subsets of  form a4 5 6 1 3 5 1 2
Ž .vector space over F under symmetric sum, which is denoted P  . The2
Ž .Golay code words form a subspace G of P  of dimension 12, which is
called the Golay code.
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 Ž .The factor space G  P  G is called the Golay cocode, which can
be thought of as a set of the 0, 1, 2, 3-subsets and equivalence classes on
4-subsets of , where two 4-subsets are equivalent exactly when their
Ž .union lies in G. A 2- resp. 3- and 4- subset of  is also referred to as a
Ž .duad resp. triple and tetrad . Each equivalence class of tetrads, called a
Ž . Ž .sextet, consists of exactly six tetrads. The hyperplane P  of P 

consisting of subsets of  of even cardinality contains G, and the factor
Ž .space P  G is called the een part of the Golay cocode. An 8-subset

of  is called an octad, if it is a Golay code word. A triple of octads is a
 4trio, if they partition . Typical examples of octads are 0, 1, . . . , 7 ,
 4  48, 9, A, . . . , F , and G, H, . . . , N ; the left, middle, and right ‘‘bricks,’’
respectively: The triple of them is called the standard trio, and the six
columns of the MOG arrangement form a sextet, called the standard sextet.
The Mathieu group of degree 24, denoted M , is the group of permuta-24
tions of  preserving G. The group M acts naturally on the Golay24
cocode and its even part. It is known that M acts 5-transitively on  and24
Ž .transitively on the set of sextets resp. trios and octads . To explicitly
describe the radical 2-subgroups of M , we choose the permutations of24
M shown in Tables IIIV.24
We use the fairly standard notation U , etc., to denote the followingO
subgroups, which is modeled after that of parabolics for Lie-type groups
Žand continued for sporadic groups e.g., in the work of Ronan and Smith
  .on 2-local geometries 11 , especially with the ‘‘square node’’ :
² :U  a , a , r , r , the pointwise stabilizer of the left-brick-octad O;O 1 2 1 2
² :U  a , a , a , a , r , r , the octadwise stabilizer of the standardT 1 2 3 4 1 3
octad T ;
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² :U  a  i 1, . . . , 6 , the tetradwise stabilizer of the standard sex-S i
tet S;
² : ² :U U a , a a , x , U U a , x ;O O 3 4 5 12 T T 5 12
U U U , U U U , U U U ;OT O T O S O S T S T S
U U U U , U U U U O , U U U ;OT S O T S OT O T O T O S S O
U U U , U U U U .T S S T OT S S T O
 The following result is obtained in 16 , but two representatives U andT
U are missing there. To describe the structures of 2-subgroups, weST
 follow the ATLAS notation 4 , e.g., N . Q means a group having a normal
subgroup isomorphic to N with quotient by that normal subgroup isomor-
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phic to Q; the symbol 2 n is used to denote the elementary abelian group of
n n
m Ž 1
2 m. norder 2 ; 2 resp. 2 is a special group with center 2 and central
m Ž 1
2 m .quotient 2 resp. the extraspecial group of order 2 of type 1 ;
 n  nand 2 means a 2-group of order 2 .
LEMMA 7. The radical 2-subgroups of M consist of 13 conjugacy classes24
Žwith representaties U aboe XO, T , S, O, T, OT , OS, TS, OTS,X
. Ž .OT, OS, TS, OTS . The structures of U and N U U areX M X X24
described in Table VI, where the third and fourth columns gie generators of
Ž .Z U and a brief description of the shape of U , respectiely, where IX X
 4  41, 2, 3, 4 and J 1, . . . , 6 .
Ž .The group M has two classes of involutions: a 2 A- resp. 2 B-24
8 8 Ž 12 .involution has a permutation type 1 2 resp. 2 on , where the set of
fixed points is an octad. Let G be the Golay cocode on which M24
Ž . naturally acts. It is easy to verify that the subspace C a of G fixed by aG
2 A-involution a is of dimension 8 consisting of the following elements,
where C is the octad consisting of the points fixed by a:
the empty set, the 8 points of C,
8Ž .the  28 duads of C together with 8 2-cycles of a on ,2
8Ž .the  56 triples of C together with 8 8 triples of , each of3
which consists of a point of C and a 2-cycle of a,
8Ž .the 2 35 sextets determined by complementary pairs of tetrads4
of C together with 56 sextets determined by tetrads of , each of which
Žconsists of a 2-cycle of a and a duad of C four of them determine the
same sextet, and a induces a transposition on the six tetrads of such a
.sextet .
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ŽThen it is immediate to see the following results though they are standard
in the various places in the literature; the above description provides more
.explicit information :
LEMMA 8. Under the natural action of M on the Golay cocode G and24
its een part G , the subspaces of G and G ectorwise fixed by each
 

Ž .representatie U of the radical 2-subgroups of M Lemma 7 are asX 24
follows:
Ž . Ž . Ž . 1 C U  C U is a 1-subspace spanned by the standard sextetG X G X

ŽS 0123 for eery X containing S that is, S, OS, TS, OTS, OS, TS,
.and OTS .
Ž . Ž . Ž Ž .. Ž . 2 C U resp. C U is a 7-subspace resp. 6-subspace consist-G O G O

Ž .ing of i-subsets of O for i 0, . . . , 4 resp. i 0, 2, 4 , where a 4-subset of O
is identified with its complement in O.
Ž . Ž . Ž . Ž . Ž . ²   3 C U  C U  C U  C U  0123, 0145,G T G OT G T G OT
 

: 30246  2 .
Ž . Ž . Ž . ² : 3 4 C U  C U  0123, 0145, 0247  2 .G O G O

Ž . Ž . Ž . Ž . Ž . ²   5 C U  C U  C U  C U  0123,G T G OT G T G OT
 

: 20145  2 .
2.3. The Radical 2-Subgroups of M22
We use the notation in the previous subsection. We may identify the
Mathieu group GM of degree 22 with the stabilizer in M of two22 24
  4points 0, 1 of . Then M acts triply transitively on   0, 1 . A22
Ž .  hexad resp. heptad and octad of  is the intersection C for an
  4  Ž .octad C of the Golay code G with C 0, 1  2 resp. 1 and 0 . For
 4example, the left-brick octad O 0, 1, . . . , 7 of G yields the left-brick
 4  4hexad H 2, 3, . . . , 7 , while the right-brick octad G, H, . . . , N of G
  4  4remains as the left-brick octad O  G, H, . . . , N . Each sextet T , . . . , T1 6
Ž .T tetrads with T  T  G has either a unique tetrad T containing bothi i j i
0 and 1, or exactly two tetrads T and T containing exactly one of 0 and 1.i j
A sextet is called a quintet if the former case occurs. A quintet is identified
  4with a duad T of  such that T 0, 1 determines the corresponding
Žsextet. The standard sextet S consisting of columns of the MOG arrange-
.ment is a quintet corresponding to the duad 23. We use the letter Q
instead of S to emphasize that we work with M .22
Ž .The automorphism group Aut M of M contains M of index 2. As22 22 22
² : Ž .the involution a interchanges 0 and 1, we have G a Aut M 3 3 22
M : 2.22
 The following result is mentioned in 14, 2.6 without a proof. Thus a
proof is given here, though the result is well known.
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LEMMA 9. Eery 2-local subgroup of M is contained in the stabilizer of22
a hexad, a quintet, or an octad.
 Proof. In 16, 4.4 , it is proved that every 2-local subgroup of M24
stabilizes an octad, a trio, or a sextet. Assume that a 2-local subgroup M of
 4GM stabilizes a sextet T , . . . , T . We may assume that it is not a22 1 6
quintet, so that 0 T and 1 T , say. Then M stabilizes the hexad1 2
Ž .  4  4T  T  0, 1 . Assume that M fixes a trio O , O , O . If there is an1 2 1 2 3
 4octad O containing both 0 and 1, then M stabilizes the hexad O  0, 1 .i i
 4Otherwise there is a unique octad O disjoint from 0, 1 , which is stabi-i
lized by M.
  4 Assume that an octad C of G is stabilized by M. If C 0, 1  0 or 2,
 4  4we are done. Thus we may assume that C 0, 1  0 , say. The stabilizer
  4 of a heptad C  C 0 in G is isomorphic to A , naturally acting on C ,7
Ž . so that O M 	 P fixes exactly one or three points of C . If P fixes three2
points of C, then P fixes a sextet determined by the tetrad of 
consisting of those three points of C together with 0, and this case is
already treated. If P fixes exactly one point and has exactly one orbit of
length 4 on C, then P stabilizes the pair of the remaining points of C,
and hence the corresponding quintet. In the remaining case where P has
exactly three orbits of length 2 on C, P 22 has three involutions x, y,
and xy, each of which is of permutation type 1828 on . Thus the sets
Ž . Ž .Fix g of their fixed points on  g x, y, xy are octads, containing 0, 1,
 Ž . Ž .  Ž .and one point of C in common. Then either Fix x  Fix y or Fix x 
Ž .  Ž . Ž . Ž .  Ž . Ž .Fix y  4, which yields Fix x  Fix y  Fix xy or Fix x  Fix y 
Ž . Fix xy  4. Thus P stabilizes a hexad or a quintet.
We set
² : 4U  a , a , r , r  2 , the pointwise stabilizer of the left-brickH 1 2 1 2
hexad H,
² : 4U  a , a , a , a  2 , the tetradwise stabilizer of the standardQ 1 2 5 6
Ž .quintet Q or the duad 23 ,
² : 3U  a , a , x  2 , the O -part of the stabilizer of the right-brickO 1 5 56 2
octad O,
² : ² : U U U U x , U U U U a , a ,QO Q O Q 56 H Q H Q H 5 6
² : ²   U  U U  U a , x and U  U U U  U a , a ,H O H O H 5 56 H QO H O Q H 5 6
:x .56
LEMMA 10. The radical 2-subgroups of M consist of 7 conjugacy classes22
Ž  4.with the aboe U  X H, Q, O as representaties. The structures ofX
Ž .U and N U U are described in Table VII, where the second and thirdX M X X22
Ž .columns gie generators of Z U and a brief description of the shape of R,X
respectiely.
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Proof. Let R be a radical 2-subgroup of GM . It follows from22
Ž . Ž . Ž . Ž .Lemma 9 that N R N U , N U , or N U up to conjugacy, asG G H G Q G O
Ž . 4 Ž . 4 Ž . 3 Ž .N U  2 : A , N U  2 : S and N U  2 : L 2 are stabiliz-G H 6 G Q 5 G O 3
 Ž . Ž .ers of H, Q, and O , respectively. Assume that N R N U butG G O
RU  . Then RU  is one of 3 representatives of classes of unipotentO O
Ž . Ž .  radicals of L 2 N U U , acting naturally on the 3-space U . If3 G O O O
Ž . Ž .it corresponds to a point p or a point-line flag p, l , then Z R 
Ž . Ž . Ž Ž ..C RU is a 1-space corresponding to p, so that N R  C Z R .U O G GO
But the involutions of G form a single conjugacy class and the centralizer
of an involution is contained in the stabilizer of the hexad, the set of points
 Ž . Ž .of  fixed by that involution. Thus N R N U up to conjugacy. IfG G H
Ž . Ž .  RU corresponds to a line, Z R  C RU is a 2-subspace of U .O U O OO
Ž . ² : Ž .We may take Z R  a , a up to conjugacy under N U , so that1 5 G O
Ž .  ² :N R stabilizes the set of points of  fixed by a , a , that is, the duadG 1 5
Ž .23. Thus N R stabilizes the corresponding standard quintet Q, that is,G
Ž . Ž .N R N U up to conjugacy.G G Q
Ž . Ž .Assume that N R N U but RU . Then RU correspondsG G Q Q Q
to one of three representatives of classes of radical 2-subgroups of
Ž . ²Ž .Ž . Ž .Ž .: 2S N U U . We may take Q Q Q Q , Q Q Q Q  2 ,5 G Q Q 3 4 5 6 3 5 4 6
²Ž .Ž . Ž .Ž . Ž .: ²Ž .:Q Q Q Q , Q Q Q Q , Q Q D and Q Q  2 as the3 4 5 6 3 5 4 6 5 6 8 5 6
Žrepresentatives, represented as permutations of the ith columns Q ii
.1, . . . , 6 of the MOG arrangement, which form the standard quintet Q. In
Ž .  4the first two cases, RU fixes the hexad H Q Q  0, 1 , which isQ 1 2
Ž . Ž Ž .. Ž . Ž .stabilized by N R N U . Thus N R N U . In the last case,G G Q G G H
² : Ž .we have RU x U , as x induces Q Q . Conversely, weQ 56 QO 56 5 6
Ž . Ž . ² : have Z U D x  a , a , a and the set of points of  fixedQO U 56 1 5 6Q
Ž . Ž . Ž . by Z U is 23, corresponding to the quintet Q. Thus N U N U ,QO G QO G Q
Ž .and so U is a radical 2-subgroup of G by Lemma 1 2 .QO
Ž . Ž .Assume finally N R N U but RU . Then RU correspondsG G H H H
to one of three representatives of classes of radical 2-subgroups of A 6
Ž . ²Ž .Ž . Ž .Ž .: 2 ²Ž .Ž . Ž .Ž .:N U U . We may take 45 67 , 46 57  2 , 45 67 , 23 67 G H H
2 ²Ž .Ž . Ž .Ž . Ž .Ž .:2 and 45 67 , 46 57 , 23 67 D as the representatives, repre-8
 4sented as permutations on H 2, 3, . . . , 7 . It is easy to see that those
² : ² :three representatives correspond to U a , a H , U a , x H 5 6 H Q H 5 56
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² : U and U a , a , x U , respectively. It is not difficult to seeH O H 5 5 56 H QO
Ž .that their normalizers are contained in N U , and hence they are radicalG H
Ž .2-subgroups of G by Lemma 1 2 .
Thus we verified that every radical 2-subgroup of G is conjugate to one
 4of U for  X H, Q, O . Observing their orders, centers, and nor-X
malizers, we see that no two of them are conjugate under G.
Ž .LEMMA 11. The automorphism group Aut M M : 2 has exactly 722 22
classes of radical 2-subgroups with the representaties in Table VIII, among
Ž .which U is the unique one contained in M in the notation of Lemma 10 .H 22
Ž . ² :Proof. We set AAut M G a with GM . The proof is a22 3 22
typical example of applications of the methods described in Lemma 3.
Ž . Ž .² :  4Observe first that N U N U a for every X H, Q, O withA X G X 3
Ž . Ž .convention U  1. The image of a subgroup L of N U in N U U A X A X X
is denoted L.
As for X, there are two classes of involutions in AG with
representatives a and a a : a fixes the octad O pointwise, while a a3 2 3 3 2 3
Ž .does not fix a point on . The centralizer C a is a subgroup of MG 3 24
stabilizing the octad O and fixing two points 0, 1 outside O, and thus
Ž . 3 Ž .C a  2 . L 2 , which has the nontrivial O -part. The centralizerG 3 3 2
Ž .C a a lies in the stabilizer of the standard sextet S, which is theM 2 324
Ž . Ž .unique sextet tetradwise fixed by a a . Then C a a N U and2 3 G 2 3 G Q
Ž Ž ..a O C a a  1. Hence there is no radical 2-subgroup R of A with1 2 G 2 3
Ž .RGU  1 by Lemma 3 1 .
For XH, a induces a permutation of type 23 on the hexad H, so3
Ž .that N U  A and N U  S . As O N U  1, U is a radicalŽ . Ž . Ž .G H 6 A H 6 2 A H H
Ž .2-subgroup of A by Lemma 3 2 . There are three classes of 2-elements in
Ž . Ž .Ž .Ž . Ž .S  A with representatives 12 , 12 34 56 , and 1234 with centralizers6 6
in A isomorphic to S , S , and Z , respectively. As none of them has the6 4 4 4
Ž .trivial O -part, it follows from Lemma 3 1 that there is no radical2
subgroup of A containing U of index 2.H
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Since N U  S induces the full permutation group on the 5 columnsŽ .G Q 5
of the standard quintet Q, while a acts trivially on them, we have3
N U  S  2, where a corresponds to the central involution. ForŽ .A Q 5 3
Ž .every nontrivial 2-element g of S , the centralizer C g has nontrivial5 S5
trivial O -part. Thus there is a single class of 2-elements in N U Ž .2 A Q
N U whose centralizer in N U has the trivial O -part, representedŽ . Ž .G Q G Q 2
Ž .by a . Thus it follows from Lemma 3 1 that a radical subgroup of A3
² :containing U of index 2 is conjugate to U a .Q Q 3
Ž .As for the other possible X, N U  L 2 , S or 1 by Lemma 10.Ž .G X 3 3
Thus N U  N U  2 and hence U is not a radical subgroup of A.Ž . Ž .A X G X X
Ž .Furthermore, there is exactly one class of 2-elements in fact, involutions
in N U N U whose centralizers in N U have the trivial O -partsŽ . Ž . Ž .A X G X G X 2
Ž Ž . .that is, isomorphic to L 2 , S , or 1 . For each X, it is easy to see that a3 3 3
corresponds to the central involution of N U . Thus every radicalŽ .A X
² :subgroup containing U of index 2 is conjugate to U a by Lemma 3.X X 3
LEMMA 12. Let G 3  M be a nonsplit triple central extension of M ,22 22
and A be a finite group haing G as a normal subgroup of index 2 with an
inolution  which inerts the center of G. Then there are exactly 13 classes of
radical 2-subgroups of A: 7 of them are contained in G and correspond to the
Ž  4.representaties U  X H, Q, O of radical 2-subgroups of M ; theX 22
other 6 classes hae representaties corresponding to those of M : 2 not22
˜ Ž  4 .contained in M that is, U for X H, Q, O with X, H .22 X
Ž .Proof. By Lemma 4 1 , the radical 2-subgroups of 3 . M bijectively22
Ž  4.correspond to those of M . Thus we may take U  X H, Q, O22 X
as the representatives of radical 2-subgroups of G 3M . Then the22
arguments given in the proof of Lemma 11 for examining radical sub-
groups of M : 2 not contained in M go through without any change to22 22
determine the radical 2-subgroups of A 3 . M . 2 not contained in G.22
The difference is that every U is a radical 2-subgroup of A, because ofX
Ž .Lemma 4 2 . Hence we obtain the lemma.
 Ž .The truncated Golay code G at two points is a subspace of the Golay
 4code G consisting of codewords which trivially intersect with 0, 1 . It is a
  10-subspace of G. As X G with X  16 bijectively corresponds to the
Ž .  4  Žhexad  X  0, 1 , G can be thought of as a set of 77 hexads octads
 4.containing 0, 1 , 616 dodecads, and 330 octads intersecting trivially with
 40, 1 together with the empty set.
Ž . Ž . Let P  be the subspace of P  consisting of subsets of  . The
Ž . Ž Ž . .  Ž .subspace G  P  
 G G of the Golay cocode G  P  G is
called the truncated Golay cocode. Then G is a 10-subspace of G. It can
also be thought of as a set consisting of the empty set, 22 points of ,
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22  Ž . Ž . 231 duads of  corresponding to tetrads of G containing 0, 1 ,2
22 Ž . Žand 2 770 pairs of triples of  corresponding to equivalent pairs3
 .of tetrads of G containing exactly one of 0 and 1 .
Ž . ² :  The group Aut M G a naturally acts both on G and G , as a22 3 3
Ž Ž .flips 0 and 1. We have the following on those actions the claim 2 is not
.needed later, but is given for completeness .
Ž  4.LEMMA 13. Let U  X H, Q, O be the representaties of 7X
classes of radical subgroups of M gien in Lemma 10.22
Ž . Ž . 1 The subspaces C U of the truncated Golay code G ectorwiseG X
Ž .fixed by U are as follows: C U is a 4-subspace consisting of the emptyX G Q
 Ž .set, the 5 hexads Q  , and the 10 octads Q 2 i
 j 6 , where1 i i j
 4Q , . . . , Q is the standard quintet with 0, 1Q and Q Q Q ;1 6 1 i j i j
Ž .C U is the 1-subspace spanned by the left-brick hexad H if H X, andG X
Ž .  C U is the 1-subspace spanned by the right-brick octad O if O  X.G X
Ž . Ž . 2 The subspaces C U of the truncated Golay cocode G ector-G X
Ž .wise fixed by U are as follows: C U is a 5-subspace consisting of the 0,X G H
1, 2, and 3-subsets of H, where 3-subsets are identified with their complement;
Ž . Ž C U is a 3-subspace spanned by 23, 45, and 89 all nontriial elementsG O
. Ž . Ž . ² : 2 Ž . are duads ; C U  C U  2, 3  2 23 is the unique duad ;G Q G H Q
Ž . ² : 2 Ž . Ž . ² :     C U  23, 45  2 ; and C U  C U  23  2.G H O G QO G H QO
Ž .Proof. 1 The stabilizer of a dodecad in M is M , which does not22 10
contain a 23-subgroup. Thus none of the U ’s fixes a dodecad of G, asX
4 3 Ž . Ž .U  U  2 and U  2 . As A  N U U and L 2 Q H O 6 G H H 3
Ž . 3 Ž .  N U U do not contain 2 -subgroups, if U resp. U fixes a hexadG O O H O
Ž .or octad other than H resp. O , then it contains an involution which
Ž .pointwise fixes H resp. O together with that hexad or octad, which is
impossible. Thus for U other than U , the claim follows. As for U , eachX Q Q
Ž .hexad resp. octad stabilized by U is the union of two points 2, 3 fixed byQ
Ž . ŽU and one of 5 orbits Q i 2, . . . , 5 of length 4 resp. two orbitsQ i
.Q , Q . Conversely, such hexads and octads are stabilized by U , andi j Q
Ž .C U is of the claimed shape.G Q
Ž .2 It follows from the remark in the paragraph preceding Lemma 8
Ž .that C a for an involution aU of M is a 6-subspace consisting ofG H 22
6Ž .the empty set, 6 points of H, duads in H together with 8 2-cycles of a,2
6Ž .and triples in H together with 6 8 triples, each of which consists of a3
point of H and one of 8 2-cycles of a. Then the claim follows from
straightforward examination of subspaces fixed by generators of U .X
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3. RADICAL 2-SUBGROUPS OF J4
Let G J be the largest sporadic simple group of Janko. It follows4
 from 9, 2.1, Proposition 2.2.3 and Corollary 2.3.7; 14, 2.12, Step 1 that
every 2-local subgroup of G is contained in one of the following groups up
Ž  to conjugacy to apply 14 , note that every p-local group is contained in
.the normalizer of a radical p-group, which is easily verified :
Ž . 1
12 ŽŽ . .C z  2 : 3  M : 2 , the centralizer of a 2 A-involution z;G 22
Ž  . 3
12 Ž Ž ..  Ž Ž Ž  ...N V  2  S  L 2 , where V  Z O N V is a 2 A-G 5 3 2 G
pure 23-subgroup;
Ž . 11 Ž Ž ..N V  2 : M , where the action of a complement on O N VG 24 2 G
is equivalent to the action of M on the even part of the Golay cocode;24
Ž . 10 Ž .and N A  2 : L 2 .G 5
  Ž Ž .. 1
12Following the notation in 7 , we set EO C z  2 , L2 G
Ž Ž  .. 3
12 11O N V  2 , and let KM be a complement to V 2 in2 G 24
Ž . Ž . Ž . Ž . Ž  .N V . Then N E  C z and N L N V . We follow the nota-G G G G G
tion in the previous section when we work with subgroups of KM and24
V, identified with the even part G of the Golay cocode. Note that a

Ž . Ž .sextet resp. duad of V is a 2 A- resp. 2 B- involution of G and
Ž . Ž .  C w N V for a 2 B-involution w of V 7, Propositions 9, 19 . Let UG G X
be one of the representatives of 13 classes of radical 2-subgroups of M24
Ž .given in Lemma 7. Note that the subspace C U of V fixed by U isV X X
determined in Lemma 8, which is used without further reference in the
later arguments.
We may take z 0123, a 2 A-involution of G. It follows from the proof
  Ž . Ž .of 7, Proposition 13 that the normalizer of C U in N V is V : KV T G T
11 6 Ž Ž .. 2 : 2 : S  L 2 , where K is the stabilizer of the standard trio T ,3 3 T
3
12 Žand that it extends to the full normalizer in G of the shape 2  S 5
Ž .. Ž .  Ž . ² :L 2 non-split . Thus we may take V  C U  0123, 0145, 0246 .3 V T
 Moreover, it follows from the proof of 7, Proposition 21 that we may
Ž . Ž .take A C U U . The normalizer N A is a split extension ofV O O G
Ž . 10L 2 by A 2 . We use L to denote a complement and represent5 A
Ž .elements of L as matrices with respect to the natural basis e i 1, . . . , 5A i
Ž . Ž .for the natural module W of L 2 . Let  1 i j 5 be the matrix of5 i j
Ž . Ž . Ž . Ž .L whose k, l -entry is 1 resp. 0 iff k, l  i, j or k l, and letA
² : 4 ² : 6V   ,  ,  ,   2 , V   ,  ,  ,  ,  ,   2 ,p 21 31 41 51 l 31 41 51 32 42 52
² : 6 ² : 4V   ,  ,  ,  ,  ,   2 , V   ,  ,  ,   2 ,	 41 51 42 52 43 53 H 51 52 53 54
and
 4V Ł V for  Y p, l,	 , H .Y iY i
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 4Then the V ’s for Y ranging over the nonempty subsets of p, l,	 , HY
form a set of complete representatives of 15 unipotent radicals of L A
Ž . Ž . ² :L 2 , corresponding to subflags of p, l,	 , H , where p e , l5 1
² : ² : ² :e , e , 	 e , e , e , and H e , . . . , e . The representation of L1 2 1 2 3 1 4 A
2Ž .afforded by A is equivalent to the alternating square 
 W of W with
Ž . 2Ž .basis e  e  e  e 1 i j 5 . We identify A with 
 W . Theni j i j ji
Ž .the subspaces C V of A fixed by V are easily calculated:A Y Y
Ž . ² : 4 Ž . ² : C V  e , e , e , e  2 , C V  e for l Y p, l,A p 12 13 14 15 A Y 12
4	 , H ,
Ž . Ž . ² : 3C V  C V  e , e , e  2 ,A 	 A 	 H 12 13 23
Ž . ² : 6C V  e  1 i
 j 4  2 ,A H i j
Ž . ² : 3 Ž . Ž . ² :C V  e , e , e  2 , and C V  C V  e , eA pH 12 13 14 A p	 A p	 H 12 13
 22.
Ž . 6 Ž . Ž . ² : 2We set V  C U  2  A , Z C U  0123, 0145  2 ,O V O V T
Ž . ² : 3and F C U  0123, 0145, 0247  2 .V O
Ž . Ž . Ž Ž . Ž ..LEMMA 14. 1 The subgroup C V resp. C V and C V isA 	 A pH A p	
 Ž . Ž .conjugate to V resp. F and Z under the action of N A . Moreoer,G
Ž .C V  V .A H O
Ž . Ž . Ž . 4 Ž .2 We hae N V  V : K N V , where K  2 : L 2 is theG O O G O 4
stabilizer in K of the octad O.
Ž . 2Ž Ž .. Ž  . Ž 2Ž Ž ...3 We hae O C Z  C V , L  O O C Z , andG G 2 G
Ž . Ž  .N Z N V .G G
Ž . Ž . Ž . Ž . Ž .4 We hae C F  V:U and N F N V , but N F is notG O G G G
Ž  .conjugate to any subgroup of N V under G.G
Ž . Ž . ² : Ž .5 The subgroup C V is conjugate to F  F a under N A .A p p 1 G
Ž . Ž . Ž .We hae C F  AU and N F N A .G p O G p G
Ž . Ž  .Proof. We first show the claim 3 . The normalizer N V containsG
Ž .    subgroups S S and C L 2 with S, C  L 7, Proposition 13 ,5 3
where C is a subgroup of K acting faithfully on V 23. Then we haveT
Ž  .  Ž . 2C V  LS. As Z is a 2-subspace of V , C Z  2 is the correspond-G C
Ž . Ž Ž ..ing unipotent radical of C. Thus C Z contains L  S C Z . In viewG C
Ž . of the orders of centralizers of noncentral involutions in C z 7, Proposi-G
 Ž . Ž Ž ..tion 1, 3, 6 , we see that C Z coincides with L S C Z . Then theG C
2Ž Ž ..normal subgroup O C Z generated by elements of odd order lies inG
LS 23
12A . As a 5-Sylow subgroup of LS acts fixed-point-free on5
    2Ž Ž .. 2Ž Ž ..LV by 7, Proposition 13 , we have L L, O C Z O C ZG G
 2Ž Ž .. 2Ž Ž .. Ž  .and so LS O C Z . In particular, O C Z  C V and LG G G
Ž 2Ž Ž ... Ž . Ž .O O C Z . Thus N Z normalizes C Z and so L, and hence2 G G G
Ž . Ž . Ž  .N Z N L N V .G G G
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Ž . Ž .Next we show the claim 4 . As F contains Z, C F is a subgroup ofG
Ž . Ž Ž ..C Z  L S C Z . We claim that there is no element of order 5 inG C
Ž .C F . For otherwise, there is an element x of order 5 contained in bothG
Ž . 2Ž Ž .. Ž  .C F and O C Z  C V , and x centralizes a 2 B-involution 67G G G
² : Ž . Ž .0246
 0247 in F, V . However, as C 67 N V for a 2 B-involu-G G
 tion 67 in V 7, Proposition 19 , this leads us to the contradiction x
Ž . Ž  . 3
12Ž Ž ..N V N V  V : K  2 S  L 2 .G G T 3 3
Ž . Ž .  Ž . Ž . Ž .This implies that C F N V , as C Z : N V  C Z  5G G G G G
Ž . Ž . Ž . 11and C F  C Z . Since V C F and there is a unique 2 -subgroupG G G
 of each Sylow 2-subgroup of G 7, Proposition 7 , V is the unique
11 Ž . Ž . Ž .2 -subgroup of C F and N F N V . Then it is easy to seeG G G
Ž . 11 1
6 Ž . 11 1
6C F  V : U  2 : 2 and N F  V : U : L  2 : 2 :G O 
 G O O
Ž . Ž .L 2 , where L  L 2 is a complement to U in the subgroup3 O 3 O
Ž .C a of KM , the parabolic subgroup corresponding to O.K 1 24
Ž . Ž  .Suppose N F is conjugate to a subgroup of N V . In view of theirG G
3
12 Ž Ž ..orders, that subgroup is the shape 2 . D  L 2 , and hence the8 3
 Ž Ž Ž ...center of its O -part is V , but it is also conjugate to Z O N F  F.2 2 G
Observing their normalizers, this is impossible.
Ž . Ž .Then the claim 2 is verified as follows. As V contains F, C V is the0 G O
Ž .subgroup of C F  V : U fixing the duads of O. Examining theG O
Ž . Ž .actions of generators of U , we see C V  VU N V . As VO G O O G
Ž . 11 Ž . Ž .C V , V is the unique 2 -subgroup of C V , and hence N V G O G O G O
Ž . Ž . 11 4 Ž .N V and N V  V : K  2 : 2 : L 2 , where K is the stabilizerG G O O 4 O
of the octad O in KM .24
Ž .Now we prove the claim 1 . In the stabilizer K , a complementO
Ž . 4L  L 2 of U  2 acts faithfully on U . Then L acts on A V O 4 O O O O
Ž Ž . 6. Ž . Ž .V V  C U  2 , and the image of N A L in N A A is aO O V O V O G
4 Ž .subgroup isomorphic to 2 : L 2 . Furthermore, the unipotent radical4
Ž . 4 Ž .N A V  2 of this parabolic subgroup of L 2 fixes V . Hence itV O 5 O
Ž .corresponds to the unipotent radical V of L 2 in the notation above.H 5
Ž .Thus we may take C V  V . The 6-subspace V affords the alternat-A H O O
Ž .ing square representation of L  L 2 , which is also thought of as theO 4

Ž . Ž .orthogonal module for  2  L 2 . The explicit quadratic form is given6 4
8Ž . Ž .by q Ý x e  x x 
 x x 
 x x . Then 2 35 sextets1 i
 j 4 i j i j 12 34 13 24 14 23 4
8Ž Ž . . Ž .resp.  28 duads of O correspond to singular resp. nonsingular2
Ž . Ž .points. As sextets resp. duads are 2 A- resp. 2 B- involutions, a subspace
of V is totally singular iff it is 2 A-pure. As there is a single class of totallyO
Ž .singular lines under L , totally singular lines Z and C V are conjugateO A p	
under L . There are two classes of totally singular 3-subspaces under LO O
Ž . ² : Ž 2Ž .with representatives C V  e , e , e the subspace of 
 W  AA 	 12 13 23
² :corresponding to a set of lines lying on a plane e , e , e of W under the1 2 3
. Ž . ² : ŽKlein correspondence  and C V  e , e , e the subspace of AA pH 12 13 14
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² : .corresponding to a set of lines through a point e of W under  . Note1
Ž . Ž .that C V is centralized by an element x of order 3 of L  L 2 ,A 	 A 5
Ž . Ž . Ž .which fixes every point of 	 , e.g., e x e i 1, 2, 3 , e x e , andi i 4 5
Ž . Ž . Ž .e x e 
 e . On the other hand, it follows from the claims 3 , 45 4 5
above that V and F are 2 A-pure 23-subgroups of V , which are notO
Ž .conjugate even under G. As C F is a 2-group, the above remark showsG
Ž .  Ž .that F is conjugate to C V , and hence V is conjugate to C VA pH A 	
under L .O
Ž . 4Finally we show the claim 5 . Take the unipotent radical V  2 ofp
Ž . Ž . ² : 4 Ž .L  L 2 with C V  e  i 1, . . . , 5  2 . We set F  C V .A 5 A p 1 i p A p
Ž . ² :By the claim 1 , the subspace e , e , e of F is conjugate to F under12 13 14 p
Ž .N A . Then we may assume F contains F by replacing V by a suitableG p p
Ž . Ž .conjugate under N A . There is a Levi subgroup L  L 2 of LG p 4 A
normalizing V , which acts faithfully on F . Thus F is 2 A-pure. As F is ap p p
maximal singular subspace of V and A V U , we have F  V  FO O O p O
² : Ž .and F  F a for an involution a of U . Since C F  V : U byp O G O
Ž . Ž . Ž .the claim 4 and a U  U , we have C F  C F, a O O G p G
Ž . Ž .C a : C a . It follows from the remark in the paragraph previous toV UO
Ž .Lemma 8 that C a is a 7-dimensional space generated by V and aV O
sextet determined by a tetrad consisting of two points of O and a 2-cycle of
Ž . Ž .a on . Since F  C V and A is abelian, C F contains a subgroupp A p G p
14  Ž .  14  Ž .  7A : V of order 2 . Then C a  2 C a  2 , and hence a coin-p U VO
cides with the unique central involution a of U  21
6. Thus F  F1 O p
² : Ž . Ž . a and C F  C a U  AV by comparing the orders. In1 G p V 1 O p
Ž . Ž . Ž .particular, C F N A . As the Levi complement L induces L 2 onG p G p 4
4 10 4Ž . Ž . Ž . Ž .F  2 , we have N F  2 : 2 L 2 and N F N A .p G p 4 G p G
Now we start the classification of radical 2-subgroups of G J . Let R4
Ž . Ž .be a radical 2-subgroup of G. Then N R is a subgroup of N E ,G G
Ž . Ž . Ž . N L , N V , or N A up to conjugacy by 9, 2.1, Proposition 2.2.3 andG G G
Corollary 2.3.7; 14, 2.12, Step 1 .
Ž . Ž .LEMMA 15. If N R N A , then one of the following occurs up toG G
Ž . Ž . Ž . Ž  . Ž . Ž .conjugacy: N R  C z , N R N V , N R N V ; R A orG G G G G G
R AŽ p., a subgroup of order 214 with center F  24 and central quoti-p
ent 26
4.
Ž p. Ž .The subgroups A and A are radical 2-subgroups of G with N A AG
Ž . Ž Ž p.. Ž p. Ž . Ž . Ž Ž p..L 2 and N A A  L 2 . None of N A and N A is conju-5 G 4 G G
Ž . Ž  . Ž .gate to a subgroup of C z , N V , or N V .G G G
Ž . Ž .Proof. Assume that N R N A but R A. Then RA is conju-G G
Ž . Ž .gate to one of the unipotent radicals V of N A A L 2 in theY G 5
Ž  4.paragraph previous to Lemma 14  Y p, l,	 , H . If Y contains l,
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Ž . Ž .then Z R  C RA is a 1-subspace spanned by a 2 A-involution zA
Ž . Ž . Ž .0123, and thus N R is contained in C z . If YH, then Z R  VG G O
Ž . Ž . Ž . Ž .and N R N V N V by Lemma 14 2 . If Y 	 or 	H, thenG G O G
Ž .  Ž . Ž .Z R is conjugate to V by Lemma 14 1 , and so N R is conjugate to aG
Ž  .subgroup of N V . If Y p	 or p	H, then it follows from LemmaG
Ž .Ž . Ž . Ž . Ž  .14 1 3 that N R is conjugate to N Z N V . If Y pH, thenG G G
Ž .Ž . Ž . Ž . Ž .Lemma 14 1 4 implies that N R is conjugate to N F N V . InG G G
Ž . Ž .the remaining case where Y p, we have Z R  F and hence N R p G
Ž .N A .G
Ž p. Ž .Conversely, if we take the inverse image A in N A of a radicalG
Ž . Ž Ž p.. Ž Ž p..2-subgroup V of N A A, we have Z A  F and N A p G p G
Ž . Ž . Ž p. ŽN F N A . Thus A is in fact a radical 2-subgroup of G LemmaG p G
Ž .. Ž Ž p.. Ž  .1 2 . Furthermore, N A is not conjugate to a subgroup of N VG G
Ž . Ž . Ž  . Ž .nor C z , as it involves L 2 but neither N V nor C z does. IfG 4 G G
Ž Ž p.. Ž . Ž p.N A would be conjugate to a subgroup of N V , then A containsG G
g 11 Ž .  g a conjugate V of V 2 by Lemma 1 1 . But then A V 
10
11  Ž p.  72  A  2 , which contradicts the facts that there are exactly two
Ž conjugates of A in a Sylow 2-subgroup T of G the proof of 7, Proposi-
. 11tion 20 and that they intersect with the unique 2 -subgroup of T in
6 Ž  .exactly a 2 -subspace see the proof of 7, Proposition 21 .
Observing the normalizers, it is easy to see that A is a radical 2-sub-
Ž . Ž . Ž . Ž .group of G and N A is not contained in C z , N V , or N V .G G G G
Ž . Ž .LEMMA 16. If N R N V , then one of the following occurs up toG G
Ž . Ž . Ž . Ž  . ŽO .conjugacy: N R  C z , N R N V ; R V, R V  V : UG G G G 0
 211 : 24 with center V  26, or R V ŽO . V : U  211 : 21
6 withO O
center F 23.
The subgroups V, V ŽO ., and V ŽO . are radical 2-subgroups of G with
Ž . Ž ŽO .. ŽO . Ž . Ž ŽO .. ŽO .N V V  M , N V V  L 2 , and N V V G 24 G 4 G
Ž .L 2 . None of the normalizers of those radical groups are conjugate to a3
Ž . Ž  . Ž .subgroup of C z , N V , or N A .G G G
Ž . Ž .Proof. Assume that N R N V but R V. Then RV corre-G G
sponds to one of the 13 radical 2-subgroups U of a complement K forX
Ž . Ž .N V VM up to conjugacy. As the action of N V V on V isG 24 G
equivalent to the natural action of M on the even part of the Golay24
Ž . Ž .cocode, it follows from Lemma 8 that Z R  C RV is a 1-subspace ofV
V spanned by the 2 A-involution z 0123, if RVU for seven XX
Ž . Ž Ž .. Ž .containing S. Thus in these cases N R N Z R  C z . For X TG G G
Ž . Ž .  Ž . Ž  .or OT , Z R  C RT  V and N R N V . For X T orV G G
Ž . Ž . Ž . Ž . Ž  .OT, Z R  C RT  Z and hence N R N Z N V byV G G G
Ž .Lemma 14 3 .
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Ž . Ž . Ž . Ž .If XO, then Z R  F and thus N R N F N V byG G G
Ž . Ž . ŽO .Lemma 14 4 . Thus it follows from Lemma 1 2 that the subgroup V
Ž . Ž ŽO .. V : U of N V is a radical 2-subgroup of G. As N V O G G
Ž . Ž . Ž ŽO .. Ž .N F  N V , it is easy to see N V  N F , and thusG G G G
Ž ŽO .. Ž  . Ž . Ž ŽO ..N V is not a subgroup of N V by Lemma 14 4 . As N VG G G
11 1
6 Ž . VU . L  2 . 2 . L 2 contains a Sylow 2-subgroup of G, it isO O 3
Ž .  Ž .  20  not contained in a conjugate of N A with N A  2  G 2.2 2G G
Ž ŽO .. Ž ŽO .. Ž .As Z V  F, N V is not contained in C z up to conjugacyG G
Ž .by Lemma 1 4 .
Ž . Ž . Ž . Ž .If XO, then Z R  V and N R N V N V by LemmaO G G O G
Ž . ŽO . ŽO .14 2 . Thus, setting V  V : U , V is a radical 2-subgroup of G. It isO
Ž ŽO .. Ž . 11 4 Ž .then easy to see that N V N V  V : K  2 . 2 . L 2 . ThusG G O O 4
Ž ŽO .. Ž  .N V is not contained in N V up to conjugacy. By the sameG G
Ž ŽO .. Ž . Ž .reasoning as above, N V is not contained in N A or C z up toG G G
conjugacy.
Ž . Ž .It follows from Lemmas 15 and 16 that either N R  C z orG G
Ž . Ž  . Ž p. ŽO . ŽO .N R N V up to conjugacy or R A, A , V, V , V . IfG G
Ž . Ž  . Ž Ž  ..N R N V , then R LO N V or RL is a radical 2-sub-G G 2 G
Ž  . Ž .group of N V L S  L 2 . It follows from Lemma 2 that in eitherG 5 3
Ž . Ž . Ž .case RL R L  R L , where R L resp. R L is either trivial1 2 1 2
Ž  . Ž Ž .or a radical 2-subgroup of C V L S resp. CLL L 2 in theG 5 3
Ž ..notation of the proof of Lemma 14 3 . There are exactly three classes
²Ž .Ž . Ž .Ž .:of radical 2-subgroups of S with representatives 12 34 , 13 24 ,5
²Ž .Ž . Ž .Ž . Ž .: ²Ž .:12 34 , 13 24 , 12 , and 12 . We denote the corresponding R by1
Ž . Žd . Ž t . Ž Ž . Žd .L , L , and L , respectively. In fact, we may take L  LV, L 
² : Ž t . ² : Ž .LV r , and L  L r , because the direct factor r  B S acts2 2 2 3
Ž . 2naturally on V V L  2 under the notation of the proof of Lemma
Ž . .14 3 . Thus, including the trivial group, we have four possibilities for
Ž  .R L up to conjugacy under C V L.1 G
On the other hand, R L is trivial or conjugate to one of the three2
Ž .representatives of unipotent radicals of L 2 , corresponding to flags of3
the 3-space V on which C naturally acts. If R L 1, then R L, LŽ .,2
LŽd ., or LŽ t .. Note that those groups have the center V. On the other
hand, if R2L 1, then the center of R is a proper subgroup of V. Thus
Ž .it follows from Lemma 1 3 that there are exactly four classes of radical
2-subgroups with centers conjugate to V , with representatives L, LŽ .,
Žd . Ž t . Ž  . Ž  .L , and L . Observing inside N V , their normalizers are N V ,G G
Ž Ž .. Ž Ž .. Ž Ž ..L S  L 2 , L D  L 2 , and L S  2 L 2 , respectively.4 3 8 3 3 3
Ž .If R L corresponds to a point or a point-line flag, then Z R 2
Ž . Ž .C R L is a 1-subspace generated by a 2 A-involution. Thus N R V 2 G
Ž . Ž . Ž .C z up to conjugacy. If R L corresponds to a line, Z R  C R LG 2 V 2
Ž Ž ..is a 2-space. Since Z Z LC Z , in the notation of the proof of LemmaC
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Ž . Ž .14 3 , we may take R  LC Z by taking suitable conjugation under C.2 C
ŽZ . Ž . ŽZ . 2We set L  LC Z , so that L L . Then up to conjugacy we haveC
R LŽZ ., LŽ .LŽZ ., LŽd .LŽZ ., or LŽ t .LŽZ .. Since they have the center Z, their
Ž  . Ž .normalizers are contained in N V by Lemma 14 3 . Then it followsG
Ž .from Lemma 1 3 that those four radical groups form a set of complete
representatives of classes of radical 2-subgroups with centers conjugate to
Z. The normalizers of LŽZ ., LŽ .LŽZ ., LŽd .LŽZ ., and LŽ t .LŽZ . are L . S ,4
Ž . Ž . Ž .L S  S , L D  S , and L . S  2 S , respectively.4 4 8 4 3 4
Ž . Ž .If N R  C z , then R E or RE is conjugate to one of theG G
Ž .representatives of 13 conjugacy classes of radical 2-subgroups of C z EG
Ž . Ž . 3 . M . 2 Lemma 12 . It follows from Lemma 1 4 that the inverse22
images of those 13 groups as well as E are the representatives of
² :conjugacy classes of radical 2-subgroups with centers conjugate to z .
Hence we have obtained in total 2
 3
 8
 14 27 radical 2-sub-
groups:
10 Ž p. Ž 4.A 2 , A with center F  2 ;p
11 ŽO . Ž 6. ŽO . Ž 3.V 2 , V with center V  2 , V with center F 2 ;O
Ž . Žd . Ž t . Ž  3.L, L , L , and L with center V  2 ;
ŽZ . Ž . ŽZ . Žd . ŽZ . Ž t . ŽZ . Ž 2 .L , L L , L L , and L L with center Z 2 ;
E and 13 radical groups corresponding to the representatives of the
Ž . Ž ² :.radical 2-subgroup of C z E 3 . M . 2 with center z .G 22
No two of those radical groups are not conjugate, in view of their centers
Ž .Ž .and by Lemma 1 3 4 . Thus we obtained
THEOREM 17. There are exactly 27 radical 2-subgroups of J with repre-4
sentaties shown in Table IX, where E . R denotes the radical 2-subgroup ofX
Ž .C z corresponding to the representatie R in Lemma 12 of the classes ofG X
Ž .radical 2-subgroups of C z E 3M 2. The second column of Table IXG 22
 7 describes a brief structure of R, in which, e. g., E . 2 means that R has a
normal subgroup E with RE a group of order 27.
4. RADICAL 2-SUBGROUPS OF Co2
Let G Co2 be one of the simple groups of Conway. This is the
stabilizer in Co0, the automorphism group of the Leech lattice 
, of a
 vector of length 4. It follows from 14, 2.13, Step 1 that every 2-local
subgroup of G is contained in one of the following groups up to conjugacy:
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Ž . 1
8 Ž .C z  2 : S 2 , z a 2 A-involution of G,G 
 6
Ž . 1




10N K  2 S  S , K  2 ,G Q 3 5 Q
Ž . 10 Ž .N W  2 : M . 2 .G 22
To describe those maximal 2-local subgroups more precisely, we prepare
 the notation, which is fairly standard 6, Chap. 10, 3 . Explicitly, the Leech
lattice is presented as follows. We take the MOG arrangement in Subsec-
tion 2.2, and let Q be the vector space over the rationals Q with basis ex
 4indexed by the elements x 0, 1, . . . , 9, . . . , N . Then the Leech
lattice 
 is defined to be the set of vectors Ý a e with the followingx x x
conditions:
Ž . Ž .i a x are all integers with the same parity,x
Ž . Ž .ii Ý a  4a mod 8 ,x x 0
Ž .  4iii for each m 0, 1, 2, 3, the subset x  a m mod 4 is ax
Golay code word.
Then 
 forms an integral lattice which is even unimodular with respect
Ž . Ž 2 .to the quadratic form q defined by q Ý a e  Ý a 8. There isx x x x x
Ž .no vector x of 




  O V , q  

 . 4Ž . Ž .
Ž .Its isomorphism type is denoted Co0. The group Aut 
 acts transitively
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Ž . Ž .on the set 
 i of vectors x of 
 with q x  2 i for each i 2, 3, 4. The
Ž . Ž .stabilizer of a vector of 
 2 in Aut 
 is known to be simple and its
isomorphism type is denoted Co2. For explicitness, we choose a vector
Ž . Ž .4e 	 4e of 
 2 and denote its stabilizer in Aut 
 by G Co2.0 1
Ž . Ž .  4 Ž Ž ..The action of Aut 
 on 
 i is not primitive: x,	x x
 i is a
maximal nontrivial block of imprimitivity for i 2, 3, but for i 4, each
Ž .maximal nontrivial block of imprimitivity in 
 4 consists of 24 pairs of
Ž .mutually orthogonal vectors x , . . . , x with x , x  0 and x 	 x1 24 i j i j
 4 Ž . Ž . Ž Ž . Ž . 2
 2 x  x
 1 i j 24 , where a, b  q a
 b 	 q a 	
Ž ..q b 2.
Ž .Such a block is called a cross, and each pair of vectors of 
 4 consisting






, each cross is sent to a vector of the 24-space 
2
 over
Ž .F . Conversely, if a vector x of 
2
 is the image 	 x of a vector x of2
	1Ž . Ž . Ž .
 4 , then 	 x 
 4 is a cross. Thus we may identify a cross with
˜  4some vector of 
2
. For example, C 8e  x is a cross, calledx
 4the standard cross. With each sextet   , . . . ,  , we may associate1 6
the crosses
C˜   4 Ý a e ,  a 1, Ł a  1, k 1, . . . , 6 ,Ž .  4Ž .
 x x x x x xk k
C˜   4 Ý a e ,  a 1, Ł a 	1, k 1, . . . , 6 .Ž .  4Ž .	 x x x x x xk k
Observe that the corresponding vectors of these crosses in 
2
 satisfy
˜ ˜ ˜Ž . Ž Ž .. Ž Ž ..	 C 
 	 C  
 	 C   0.
 	
˜ Ž .The stabilizer of the standard cross C in Aut 
 has a normal subgroup
Ž .    E G of sign-changes  X for X G, the Golay code, where  X is a
Ž . Ž . Ždiagonal matrix with 	1 resp. 1 in the x, x -entry iff x X resp.
. Ž .  x X . The group E G is isomorphic to the Golay code G via  X  X,
Ž . 12and so E G  2 . The group P of permutation matrices which preserves
˜Ž . Ž .G so PM is a subgroup of Aut 
 stabilizing the standard cross C.24
Then we are allowed to use the same notation as in Subsections 2.2, 2.3 to
Ž .denote the permutation matrices or the subgroups of P corresponding to
Ž .the specific permutations or the subgroups of M on . We will do so24
from now on.
˜Ž . Ž .It is known that E G : P coincides with the stabilizer of C in Aut 
 .
˜Then the stabilizer G in G of the standard cross C is the semidirectC˜
Ž . 10 Ž . Ž . Ž .   product of E G  2 with P G Aut M , where E G   X 22
4  Ž . Ž  .X G for G the truncated Golay code see Subsection 2.3 and P G is
 4the stabilizer of 0, 1 in PM . Clearly the action of a complement24
Ž  . Ž . Ž .P G on E G is the natural action of Aut M on the truncated Golay22
code. This describes a maximal 2-local subgroup isomorphic to 210 :
Ž .M . 2 .22
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There are three classes of involutions of G: the centralizers of a 2 A-
Ž . 1
8 Ž . Ž Ž 1
6resp. 2 B- and 2C- involution are isomorphic to 2  S 2 resp. 2 
 6 

4. Ž . 10 .2 L 2 and 2 . M . They can be easily distinguished by traces as4 10
Ž . Ž .matrices of Aut 
 : a 2 A- resp. 2 B- and 2C- involution has trace 	8, 8,
    Žand 0 on Q . For example, 	 X for a hexad X of G an octad of G
.    Žcontaining 0 and 1 is a 2 A-involution,  C for an octad C of G an
.  octad of G not containing 0 nor 1 is a 2 B-involution, and  D for a
dodecad D of G is a 2C-involution.
The 2-subspace of 
2
 is called a sextet space if all of its nonzero
Ž Ž ..vectors are crosses the images of elements of 
 4 . From the observation
˜ ˜² Ž . Ž Ž ..:above, 	 C ,	 C  is a sextet space for every sextet . Since we

Ž .work with the stabilizer G of 4e 	 4e in Aut 
 , we only consider0 1
Ž .quintets  sextets with a tetrad containing both 0 and 1 . The sextet space
˜ ˜ ˜² Ž . Ž Ž ..:Q 	 C ,	 C Q for the standard quintet Q, consisting of the

columns of the MOG arrangement, is referred to as the standard quintet
space.
We describe the structure of the stabilizer G in G of the standardQ˜
quintet space. Let   be a linear transformation of Q defined by
Ž .  Ž .Ž .e   12 Ý e 	 e if Q is the tetrad of Q containing x.x yQ y x ii
   Ž .  Then    Q is a matrix of Aut 
 6, Chap. 10, 3.3 . It is easy to see1
˜ ˜ ˜Ž . Ž .that  fixes 4e 	 4e and the cross C Q but flips C and C Q . Thus0 1 
 	
 4 Ž .G G . Let E 0, 1, 3, 7, B, F, G, K be an octad a hexad in fact˜ ˜Q C
   with Q  E  1 for i 2, . . . , 6. Then it is easy to see that 	 E is ani
˜ ˜Ž . Ž . Ž .element of G flipping C Q and C Q . Hence G induces L 2  S˜ ˜C 
 	 Q 2 3
˜ ˜ ˜² Ž . Ž Ž ..:on the 2-space Q 	 C ,	 C Q . The kernel K of the action is˜
 Q
Ž . Ž .now easily determined inside G  E G P G : in the notation of Subsec-C˜
Ž .tion 2.3, it is a semidirect product of E G  K with the stabilizer of theQ˜
Ž  . Ž .quintet Q in P G Aut M , which is the split extension of a permuta-22
 4tion group P  S on the tetrads Q  i 2, . . . , 6 by a normal subgroupQ˜ 5 i
˜ 5  9 ² : Ž .  U U a  2 . Since E G  K  2 consists of  X , X G˜Q Q 3 Q
 with WQ even for every i 2, . . . , 6, it is easy to verify that R ˜i Q
Ž . Ž Ž . . ² :O G coincides with E G  K U a , which is a special group of˜ ˜2 Q Q Q 3
4
10 ²   : 4order 2 with center 	  Q  i 2, . . . , 6  2 , where we denote1 i
Ž .Q Q 	Q for short. Thus Z R consists of 5 2 A-involutions˜i j i j Q
    Ž .	 Q and 10 2 B-involutions  Q 2 i
 j 6 , and it affords a1 i i j
permutation module modulo the trivial submodule for P  S , as P acts˜ ˜Q 5 Q
 4 Ž Ž .. Ž .naturally on Q , . . . , Q . The kernel C Z R of the action on Z R˜ ˜2 6 G Q QQ˜
²  : 4
10is clearly R  ,	 E  2 . S .Q˜ 3
   The centralizer of a 2 B-involution  O , where O is the right-brick
 ˜octad of G , is also described as the stabilizer of the octad space O as
   follows 11 . Consider the sublattice 
 
Ý Ze of 
 and itsO xO x
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Ž .image 	 
 in 
2
 under the natural projection 	 . In the intersectionO
˜Ž . Ž Ž ..	 
  	 
 4 , we can verify that there is a unique 4-subspace O withO
˜ Ž . Ž Ž ..the property that O 
 	 4e 	 4e  	 
 2 . It is straightforward to0 1




where A and A are the quintets given in Table X where the tetrad A ori
 ˜
 A is indicated by i. The kernel K of the action of G on O is˜ ˜i O O
calculated inside G . The subgroup L  of G acting trivially on the˜ ˜C O
sublattice 
  lies in K  . It is straightforward to verify that L ˜ ˜O O O
²          : 4    Q ,  Q ,  A ,	 O a  2 and K M  L , where˜ ˜ ˜23 24 46 3 O O O
²   : ²  M is the central product of three D -subgroups  Q , x ,  A ,O˜ 8 45 56 46
: ²    : ²   : Ž .a , and  A , a with the common center  O . Inside P G 5 35 1
 ˜Ž .M . 2, there is a subgroup L 2 stabilizing O , which acts on O fixing22 3
˜ ˜Ž . ²  : 	 C . As  ,	 E acts also on O , we see that the stabilizer GO˜
˜Ž .includes the full automorphism group L 2 on O . This also implies that4
Ž .   G K acts faithfully on L . Thus G , is an extension of L 2 by a˜ ˜ ˜ ˜O O O O 4
   normal subgroup K . In particular,  O lies in the center of G , and we˜ ˜O O
Ž   .have G  C  O comparing their orders.O˜ G
 The structure of the centralizer of the 2 A-involution 	 H is similarly
˜described as the stabilizer of the hexad space H, the image of the sublattice
² Ž .:
 Ý Ze by 	 modulo the 1-subspace 	 4e 	 4e . As weH x H x 0 1
Ž  . Ždo not require the detailed information about C 	 H G espe-˜G H
1
8.cially on K  2 later, it is omitted here. The only information weH˜ 

Ž .need is the claim 1 below, which is well known.
Ž . Ž .Summarizing, we have the claims 1  4 below.
LEMMA 18. In the notation aboe, the stabilizers G , G  , G , and G in˜ ˜ ˜ ˜H O Q C
˜ ˜G of the standard hexad space H, the standard octad space O , the standard
˜ ˜quintet space Q, and the standard cross C hae the following structures:
Ž . Ž  .  1 We hae C 	 H G for the 2 A-inolution 	 H and˜G H
˜ 1
8Ž . Ž .G K  S 2 with kernel K  C H  2 .˜ ˜ ˜H H 6 H G 
H˜
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Ž . Ž   .    2 We hae C  O G for the 2 B-inolution  O and G ˜ ˜G Q O
Ž . Ž .  K  L 2 , where the kernel K  C O is the direct product of M˜ ˜ ˜O 4 O G OO˜
1
6Ž Ž . ²   :. ²          2 Z M   O with L   Q ,  Q ,  A ,  A ,˜ ˜
 O O 23 24 24 46
   : 4 Ž .  	 O a  2 , on which G K naturally acts. In particular, Z K ˜ ˜ ˜3 O O O
²   :  O  L .O˜
Ž . ²  : Ž .3 We hae G  K  ,	 E with kernel K O G P , where˜ ˜ ˜ ˜ ˜Q Q Q 2 Q Q
Ž . 14 ²  R O G is a special group of order 2 with center 	  Q ˜ ˜Q 2 Q 1 i
: 4i 2, . . . , 6  2 and P  S . Furthermore, G R  S  S and˜ ˜ ˜Q 5 Q Q 3 5
Ž Ž .. ²   : 4
10C Z R  R 	  E ,   2 S . The representation of P  S˜ ˜ ˜G Q Q 3 Q 5
Ž .gien by Z R is equialent to that of S afforded by the permutation moduleQ˜ 5
modulo the triial submodule.
Ž . Ž . 10 Ž . Ž .4 G is a semidirect product of E G  2 with P G Aut M ,C˜ 22
Ž . Ž .where the action of P G on E G is equialent to the natural action of
Ž .  Ž .Aut M on the truncated Golay code G see Subsection 2.3 .22
We start the classification of radical 2-subgroups of G Co2. Let R be
Ž . a radical 2-subgroup of G. Then N R is contained in G , G , G , or˜ ˜ ˜G H O Q
G up to conjugacy.C˜
Ž . Ž .Assume that N R G but RWO G . Then up to conjugacy˜ ˜G C 2 C
RW is one of the representatives of 7 conjugacy classes of radical
Ž . Ž .2-subgroups of Aut M G W Lemma 11 . As W is the truncated˜22 C
Ž . Ž . Ž .Golay code for Aut M , it follows from Lemma 13 1 that Z R 22
Ž .C RW is a 1-space generated by either a 2 A- or 2 B-involutionW
˜unless RW corresponds to U . Thus up to conjugacyQ
Ž . Ž  . Ž . Ž   .N R G  C 	 H or N R G  C 	 O , unless RW˜ ˜G H G G O G
˜ ˜ ² :U . In the exceptional case where RWU U a , since a fixesQ Q Q 3 3
Ž .every tetrads of Q, Z R is a 4-subspace of W spanned by 5 2 A-involu-
 4 Ž . Ž .tions corresponding to hexads Q  0, 1 , i 2, . . . , 6. Thus Z R  Z R ˜1 i Q
Ž . Ž Ž ..and N R N Z R G in this case.˜G G Q
Ž .Assume that N R  G . We have G R  S  S , where˜ ˜ ˜G Q Q Q 3 5
²  : Ž Ž ..R 	  E R is a Sylow 2-subgroup of the S -factor C Z R R ;˜ ˜ ˜ ˜Q Q 3 G Q Q
² : ² : ² :and the subgroups R r , r R , R r , r , x R , and R x R˜ ˜ ˜ ˜ ˜ ˜Q 1 2 Q Q 1 2 56 Q Q 56 Q
of the S -factor R P R correspond respectively to the representatives˜ ˜ ˜5 Q Q Q
²Ž .Ž . Ž .Ž .: 2 ²Ž .Ž . Ž .Ž . Ž .: ²Ž .:34 56 , 35 46  2 , 34 56 , 35 46 , 56 D , and 56  2 of8
three classes of radical 2-subgroups of S , considered as the permutation5
Ž . Ž .group on 5 tetrads Q i 2, . . . , 6 . Since Z R is the permutation˜i Q
module modulo the trivial submodule for R P R  S , it is easy to see˜ ˜ ˜Q Q Q 5
² : ² :that if the S -part of RR is R r , r R or R r , r , x R up to˜ ˜ ˜ ˜ ˜5 Q Q 1 2 Q Q 1 2 56 Q
Ž . Ž .conjugacy, then Z R  C RR is a 1-space generated by a 2 A-in-˜ZŽR . QQ˜
  Ž .volution 	 H , and thus N R G . If the S -part of RR is˜ ˜G H 5 Q
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² : Ž . Ž .R x R up to conjugacy, then Z R  C RR is a 3-space˜ ˜ ˜Q 56 Q ZŽR . QQ˜
  Ž .generated by three 2 A-involutions 	 Q i 2, 3, 4 . Since they ex-1 i
Ž .haust the 2 A-involutions of Z R and their product is a 2 B-involution
   Ž . Ž   . O , we have N R  C  O G . If the S -part of RR is˜ ˜G G O 5 Q
Ž . Ž . Ž .trivial, then Z R Z R , and it follows from Lemma 1 3 that there areQ˜
exactly two classes of radical 2-subgroups of G with centers conjugate to
Ž . ²  :Z R , with representatives R and R 	  E . Hence we obtained 2˜ ˜ ˜Q Q Q
classes of radical 2-subgroups, including R .Q˜
Ž .     Assume that N R G , but R K M  L . Then RK is˜ ˜ ˜ ˜ ˜G O O O O O
Ž .one of the 7 representatives of unipotent radicals of L 2 G K ,˜ ˜4 Q Q
which correspond to flags of proper subspaces of the 4-space L  . SinceO˜
Ž . ²   : Ž . Ž . Ž . ²   :   Z K   O  L , Z R  Z K  C RK   O ˜ ˜ ˜ ˜O O O O
Ž . C RK . If RK corresponds to a flag containing a point, then˜ ˜L O OO˜
Ž . ²  : Ž .C RK is a 1-space, which we may take  Q because L 2 acts˜L O 34 4O˜
Ž . ²     :transitively on the 1-subspaces of L . Then Z R   O ,  QO˜ 34
  Ž . Ž  .contains a unique 2 A-involution 	 H , and so N R  C 	 H . IfG G
Ž . RK corresponds to a line or a line-plane flag, then C RK is a˜ ˜O L OO˜
²    : Ž .2-space, which we may take  Q ,  Q by the transitivity of L 2 on24 34 4
Ž . ²       :the 2-subspaces of L . Then Z R   O ,  Q ,  Q , which hasO˜ 24 34
      Ž .exactly 2 A-involutions 	 Q , 	 Q , and 	 Q . Thus N RH 13 14 G
   Ž . Ž   .centralizes their product  O , and N R  C  O . Then it followsG G
Ž .from Lemma 1 3 that there are exactly two classes of radical 2-subgroups
²       :with centers conjugate to  O ,  Q ,  Q . In the remaining case24 34
where RK  corresponds to a plane, the same argument shows that thereO˜
²   is a unique class of radical 2-subgroups with centers conjugate to  O ,
     : Q ,  Q ,  A , because this group has exactly 5 2 A-involutions24 34 24
   whose product is  O . Hence together with K we found in total 4 newO˜
classes of radical 2-subgroups.
Ž . Ž  .Then we may assume that N R G  C 	 H up to conjugacy,˜G H G
and we obtain 1
 7 classes of radical 2-subgroups with centers conjugate
²  : Ž . Ž . Ž .to 	  H by Lemma 1 4 , as O G is extraspecial and G O G˜ ˜ ˜2 H H 2 H
Ž . S 2 is a group of Lie type of rank 3 in characteristic 2.6
Hence we obtained in total 15 1
 2
 4
 8 classes of radical 2-sub-
groups from the representatives of maximal 2-local subgroups, and no two
of them are conjugate in view of their orders and centers and by Lem-
Ž .Ž .ma 1 3 4 .
THEOREM 19. There are in total 15 classes of radical 2-subgroups of Co2.
The brief descriptions of structures of the representaties and their normalizers
  are gien in Table XI, where  	 E .
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5. RADICAL 2-SUBGROUPS OF Th
 It follows from 15, Theorem 2.2 that every 2-local subgroup of G Th
is contained in one of the following groups up to conjugacy:
Ž . 1
8C z  2 . A for an involution z of G,G 9
Ž . 5 Ž . 5N A  2  L 2 for some 2 -subgroup A.G 5
Ž .There is a single class of involutions of G. For an involution z, C z hasG
a unique orbit of length 9 over the set of totally singular 4-spaces of
Ž Ž .. ² :O C z  z . Two subspaces in that orbit intersect trivially. The inverse2 G
images of subgroups of that orbit are 25-subgroups of G, called nice with
respect to z. The second maximal 2-local subgroup is described as the
5 Ž .normalizer of a nice 2 -subgroup A. As N A acts transitively on theG
involutions of A, the notion of nice subgroup does not depend on the
choice of an involution contained in A. For an i-subspace F of A
Ž . 5i 2, 3, 4 , A is the unique nice 2 -subgroup containing F, because in the
Ž Ž .. ² :orthogonal space O C z  z , the images of nice subspaces intersect2 G
trivially, where z is any involution of F.
As there are only two maximal 2-local subgroups, the radical 2-sub-
groups of G are easily determined as follows. Let R be a radical 2-sub-
Ž . Ž . 5group of G. Assume N R N A but R A 2 . Then RA isG G
conjugate to one of the 15 representatives of classes of unipotent radicals
Ž . Ž .of N A A L 2 , which correspond to flags of the 5-space A. If RAG 5
Ž . Ž .corresponds to a flag containing a point, then Z R  C RA is aA
Ž . Ž .1-space so that N R lies in C z up to conjugacy. If RA correspondsG G
Ž .to one of 7 other flags, Z R is an i-space of A for some i 2, 3, 4. By the
remark in the last paragraph, A is a unique nice 25-subgroup containing
Ž . Ž . Ž . Ž .Z R , and therefore N R N A . Then it follows from Lemma 1 3G G
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Ž .that there are exactly 4 resp. 2 and 1 classes of radical 2-subgroups of G
2 Ž 3 4 .with centers conjugate to a specific 2 - resp. 2 - and 2 - subgroup of A.
Thus together with A we obtained 8 classes of 2-radical subgroups from
Ž . Ž Ž .. Ž . Ž Ž ..N A . As O C z is extraspecial and C z O C z  A hasG 2 G G 2 G 9
exactly 10 classes of radical 2-subgroups by Lemma 6, it follows from
Ž .Lemma 1 4 that there are exactly 11 classes of radical 2-subgroups with
centers of order 2.
THEOREM 20. There are exactly 19 classes of radical 2-subgroups of
Th. The structures of representaties and their normalizers are described in
Table XII.
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